Abstract: Ambiguity estimation is critical for the positioning of a moving target truly. Traditional real-value Radon transform (RRT) has been used to estimate the slope of target's trajectory such that the ambiguity number can be derived. However, the unknown azimuth velocity of the target makes it difficult to determine the ambiguity number because the quadratic range cell migration (QRCM) caused by the platform velocity reduces the sensitivity of the RRT in the estimation. Also, the RRT does not work well when the signal-to-noise ratio (SNR) is low. Here, a method that uses the second-order Keystone transform (SOKT) to eliminate the QRCM and the modified fractional Radon transform (MFrRT) to estimate the ambiguity number was proposed. The method was simple and applicable in the low-SNR situation. Implementation considerations were presented. Finally, the effectiveness of the method has been shown using simulated and acquired synthetic aperture radar datasets.
Introduction
Synthetic aperture radar (SAR) is widely used in detecting the movement of a moving target and positioning it on SAR imagery [1, 2] , because the position of the target is directly proportional to its slant-range velocity that can be derived from the Doppler spectrum shifting [3, 4] . However, if the Doppler shift exceeds the pulse repetition frequency (PRF) of an SAR system, results obtained could not be usable. Ambiguities in the speed estimation can occur. To resolve the ambiguities, methods such as an upgrade of the SAR with an increased PRF [5] , a non-uniform PRF for a singlechannel system [6, 7] , a decrease in the SAR antenna spacing using the multi-frequency antenna array [8, 9] and a velocity SAR for a multi-channel system [10, 11] were proposed. Unfortunately, these approaches increase the complexity in system design and implementation. Thus, methods for the estimation of the slant-range velocity and then to remove the ambiguities with a minimal change of the SAR system were studied. For instance, Kirscht [12] proposed a method based on a set of maps and estimated the ambiguous velocity using the target's position shifting between adjacent maps. Dias and Marques [13] utilised the structure of the amplitude and phase modulations of the returned signal from a moving target in the Fourier domain. They generalised an approach similar to a likelihood ratio test in the detection of the moving target and estimation of the motion parameters, provided that the static clutter could be modelled as a complex white Gaussian process with a zero mean. However, disadvantages include a heavy computation burden. The slant-range velocity results in a skewed two-dimensional (2-D) spectrum. On the basis of this 2-D spectrum, methods were later proposed to estimate the slope in the range frequency and azimuth frequency/ time domain [14 -17] . The slope was obtained by the estimation of Doppler centres of different range frequencies [14] or Doppler difference of a fixed beat frequency with the 2-D auto-correlation [15] , cross-correlation [16] or matched filtering [17] . It should be noted that methods in [14 -17] are equivalent, although their implementations vary.
In the aspect of Doppler centre estimation in SAR imaging, the real-value Radon transform (RRT) is used to resolve the Doppler ambiguity in the compressed range frequency and azimuth time domain [18] or range and azimuth time domain [19] . (The method in [18] is actually an extension of the 2-D spectrum based methods [14 -17] and cannot resolve the partially folding spectrum.) Kong et al. [19] pointed out that the quadratic range cell migration (QRCM) caused by the platform velocity reduced the sensitivity of the RRT in the estimation of the ambiguity. Cumming and Li [20] improved the ambiguity estimation by partially compensating for the QRCM. After these improvements in the original RRT, one can obtain reasonable estimation of the ambiguities for a moving target with known velocity. However, the improved RRT is still insensitive to the QRCM value from a moving target with unknown speed. Furthermore, its accuracy in the estimation and removal of the ambiguities are limited by the search step. Different QRCM values and small steps in the search make the RRT ineffective and computationally inefficient. Additionally, a large QRCM value might invalidate the RRT in the case of a low signal-to-noise ratio (SNR). Therefore it is necessary to develop an effective and efficient method that can be used in the low-SNR condition or a further modification of the RRT is in order. In this article, the second-order Keystone transform (SOKT) was used to eliminate the QRCM completely after the baseband Doppler shift was compensated for. In addition, the entire signal energy of a moving target after SOKT was redistributed on a slant line of a fixed slope. This redistribution simplified the RRT because only a small number of searches in slope values were needed. In order to accommodate the low SNR, the fractional Radon transform (FrRT) [21] was modified to estimate the ambiguities by exploiting both the amplitude and phase information. Details are given below.
2 Description of the proposed method
Signal model
The geometry of a moving target and an airborne SAR is shown in Fig. 1 . R b is the closest range in central time from the moving target to the flight path, h the azimuth or slow time, R(h) the instantaneous slant range from the moving target to the radar, v the velocity of the aircraft, v r the slantrange velocity of the moving target and v a the azimuth velocity. From the figure, R(h) can be expressed as
Using Taylor series expansion, Zhou et al. [3] rewrote (1) as
Here, the second term is the linear range cell migration (RCM), and the third term denotes the QRCM. After the removal of the carrier frequency, the received signal in the range frequency and azimuth time domain can be written as
where
f t is the range frequency, T a the pulse duration, B the signal bandwidth, c the speed of light, f c the carrier frequency, W az (h/T a ) the azimuth window function and W r ( f t /B) the range window function. In (3a), the first term denotes the range position of the moving target. The second term is the linear RCM and the third term the QRCM.
QRCM correction using the SOKT
The slant-range velocity from a moving target is traditionally estimated according to the centroid of the Doppler frequencyshifted and returned signal [3, 4] . However, the estimation can be limited by PRF. If the Doppler shift of the return exceeds one-half of the PRF, the velocity ambiguity phenomenon occurs. An ambiguity-free method based on the RRT [19] was proposed for the Doppler centroid estimation in SAR imaging. Cumming and Li [20] further improved the method. Although both methods are usable, but cannot be directly used in the estimation of the slant-range velocity because the unknown azimuth velocity imposes a QRCM that reduces the sensitivity of the ambiguity estimate [20] . Furthermore, in a low-SNR condition, the performance of the RRT deteriorates. Here, a new method that combines the SOKT and modified fractional Radon transform (MFrRT) is proposed.
Since the baseband Doppler centre can be estimated [22] , the baseband velocity, v br and true velocity, v r are then obtained. Both satisfy
where M a denotes the ambiguity number and l the wavelength. The baseband linear RCM in (3) can be removed by multiplying
Then one obtains
Substituting (4) into (6), one has
where m, interpretable from the aspect of the discrete sampling is the index of azimuth sampling points. The second-phase term in (7), consisting of azimuth velocity is the QRCM that will reduce the sensitivity of the ambiguity estimation. We adopt the SOKT to remove the QRCM before the estimation. The transform can be expressed as
(8) Fig. 1 Geometry of a moving target and an airborne SAR where h 1 is the new slow time. By substituting (8) into (7), one obtains
To clearly show the removal of the QRCM term, one can further transform (9) into the range-time and azimuth-time domain as
From (10) one can see that the QRCM has been removed. However, the linear RCM term determined by the ambiguity number remains. If a radar signal of linear frequency modulation is used, w( * ) should be the range profile after range compression, and can be replaced by a sinc(B( * )) function. We use the sinc(B( * )) to replace w( * ) in the following analysis. As one knows that the trajectory of the moving target is a slant line and its slope is linked to the ambiguity number. Thus, the estimation of the slope can be used to derive the ambiguity number. In (10a), the slope or derivative of the range over time ism
Thus, the ambiguity number is
Since the slope is discrete and has a small range, only a very limited number of searches for a particular slope value that is related to the ambiguity number is needed. Thus, the computational efficiency is improved greatly as compared to the search with a small increment in steps and in a continuous fashion. It should be noted that a single ambiguity number can represent multiple targets if their trajectories are of the same slope. In other words, these moving targets are not distinguishable from each other.
Ambiguity estimation using the MFrRT
After the QRCM is corrected, it is necessary to measure a small and discrete number of slopes exhibited in the (t, h 1 ) domain. The RRT is an effective way to measure the slope of a straight line [18, 23] . Since the RRT only uses the amplitude information, its result can be impacted by the low SNR. A modified Hough transform (MHT) is proposed [24] . The MHT uses the amplitude and phase information of the signal simultaneously, and can detect a target in low-SNR condition well. From (10), one can see that there is a second-order phase term of the slow time that can adversely influence the coherent accumulation of the signal. Here, extending the ideal in [24] we use the dechirping operation to remove the influence and express as
Because (13) is similar to the definition of the FrRT [21] , we call (13) as the modified FrRT. Also, the differences of the MFrRT and FrRT are: the function in (13b) can be expressed as s ¼ f (h 1 ) and does not have to be a straight line; and the estimation error for the baseband velocity could lead to an unsatisfying result by (13) , and the expression in (13) must be modified to solve this problem as shown in (21) later. Substituting (10) into (13) and ignoring unimportant phase terms, we obtain
In this equation, if the phase term in integral is ignored, it becomes the continuous form of the RRT. Also, the MFrRT implements the integration along different slant lines with phase information incorporated. In addition, if parameters M , v a ) differ, the MFrRT cannot reach its peak value. Furthermore, in the extraction of a moving target from a SAR image, one estimates a range of ambiguity numbers of the target. Consequently, the search for a number or numbers that will maximise MFrRT is considered in the implementation. Also, the search could incidentally result in the match of the estimated and true ambiguity numbers. Therefore the MFrRT after the implementation could have the same performance level as expressed in (14) the theoretical case.
Implementation considerations

Implementation of the MFrRT
To carry out the integration of S 2 (s, h 1 ) in (13), we use a method similar to the linear RCM correction to obtain the signal after the interpolation. The linear RCM correction term can be constructed as
Then, S 2 (s, h 1 ) can be obtained as
where IFT f t [ * ] is the inverse Fourier transform (FT) applied to f t . After the IFT, the envelope of S 2 (s, h 1 ) becomes sinc(B(s 2 2R l (h 1 )/c)). If the search for ambiguity number matches the true value, the envelope becomes sinc(0), that is, a flat line. Similarly, the integral in (13) also can be replaced by an FT as the following
where f h1 is the new azimuth frequency and FT h 1 [ * ] represents the FT applied to h 1 .
Negative impact from the error in the estimation of the baseband velocity
If an error exists in the estimation, (9) becomes
where v e is the error in velocity estimation and I(f t ,
Ignoring unimportant phase term, one can write (18) in the range-time and azimuth-time domain as
Thus, the velocity error will result in a non-level line (with a small slope value) after the manipulation in (16) if the searched ambiguity number matches or is very close to the true value. To assess the impact quantitatively, we argue that if the remainder of the linear RCM in synthesis time is confined in one-half of a range resolution
then the impact of the velocity error on the envelope can be ignored. (r r is the range resolution and f e the error in Doppler estimation of the target.) For an X-band system with a range resolution at 1.5 m and synthesis time of 4 s, we derived the acceptable error tolerance of 48 Hz or less to achieve an accurate Doppler-estimation. For the estimated accuracy, the methods [22, 25] are satisfactorily useable. In other words, the accuracy here is in line with that of [22, 25] . This ensures the applicability of our method. It should be noted that the second phase term in (19) will result in a little shifting in Doppler frequency. Then, f h1 is no longer equal to zero or (17) is invalid. Alternatively, (13) should be modified or the peak value of MFrRT can be obtained after the search for a maximum value
Therefore if the searched maximum is indeed the real maximum, as an echo to the discussions near the end of Section 2, the performance level of the MFrRT after the implementation using (21) would be equal to its theoretical performance level. Fig. 2 is the flowchart of the proposed method, and the method is detailed as:
Algorithm description
Step 1: Implement the range compression for data from channels one and two, and then reject the clutter energy;
Step 2: Extract moving targets after azimuth matched filtering according to signal amplitude. With the azimuth matched filtering, the SNR of the moving targets can be improved;
Step 3: Recover azimuth uncompressed data;
Step 4: Estimate the baseband Doppler centre and compensate for the linear RCM, H dop of the baseband;
Step 5: Perform the SOKT to remove the QRCM and assemble nearly entire energy on a slope line; and
Step 6: Estimate the ambiguity number using the MFrRT.
It should be noted that if there are multiple moving targets in a scene, one can use the method to estimate ambiguity from the target with the strongest return first. Then one can subtract the contribution of the strongest one from the original data or scene and proceed to the target with the second strongest return and so on until all moving targets have been analysed. In this way, the impact from foregoing targets on subsequent ones can be greatly reduced or even removed.
Results
From simulated data
In Sections 2.2 and 2.3, we used the SOKT to perform the QRCM correction and the MFrRT to estimate ambiguity number. The main goal was to improve the probability to obtain a valid estimation of the ambiguity and to minimise or to eliminate the impact of the error from the estimation of the azimuth velocity on the envelope and phase in a low-SNR environment. The probability of success of the RRT, SOKT -RRT and SOKT-MFrRT methods at a range of SNRs was simulated.
In the simulation, the radar worked in a side-looking mode and its system parameters are shown in Table 1 . A moving target was located at centre point of a scene. Its slant-range velocity was 14.5 m/s and azimuth velocity 15 m/s. Using the system parameters, we obtained initially the coarse focus result. Then, we cropped the local signal of the focused target and recovered the signal after range compression. Assuming that the baseband velocity was estimated accurately and the corresponding baseband Doppler shifting was removed, we performed the SOKT to remove the QRCM and the MFrRT to improve the ambiguity estimation. Hundred times of Monte Carlo simulations were run for each SNR value. The probabilities to obtain a valid ambiguity estimation using the RRT (original), the RRT combined with SOKT (or SOKT -RRT) and the combination of SOKT and MFrRT (SOKT -MFrRT) were plotted as functions of the SNRs (Fig. 3a) . From the figure, one could see that the performance of the RRT combined with SOKT was better than that of the traditional RRT. The requirement of the SOKT -RRT on SNR was 2 3 dB lower than that of the RRT. The reason was that the QRCM correction concentrated the target's energy on a slant line and thus the sensitivity of the ambiguity estimate was improved (even at low-SNR conditions). Furthermore, the performance of the SOKT -MFrRT was the best because at the same probability of success, its requirement on the SNR was the lowest. This was because the SOKT -MFrRT method can coherently accumulate nearly all the energy, thus the SNR equivalently increased greatly. To illustrate the convergence on the search for the ambiguity number using three methods, we plot the search result at the SNR of 6 dB (Fig. 3b) . The SOKT -MFrRT provided the most robust estimation among three methods because of the distinct peak at the ambiguity number of 1. 
From acquired data
The experimental SAR system works at X-band. Its PRF is 1000 Hz, and baseband velocity is between 27.8 and 7.8 m/s. Fig. 4a was the SAR image covering an area near the city of Weinan, Shaanix Province, China. Several freeways exist in the image showing as linear or curved dark signatures. Data from two adjacent apertures or channels in the along-track direction were used to suppress clutter. After the suppression, several moving targets appear as bright spots in Fig. 4b . The target with the strongest return or the most severely defocused one was outlined in the white rectangle box (Fig. 4b) . Next, let us estimate the ambiguity number using the SOKT -MFrRT for the target.
First, we recovered the data, removed the baseband Doppler shifting and performed the SOKT to eliminate the negative impact on the ambiguity estimation from the QRCM. Then, the entire signal was redistributed on a slope line as seen in Fig. 5a . The x-axis or azimuth time was referenced from the upper left corner of the rectangle box, starting from left to right. The range-cell ( y) axis was also referenced from the upper left corner and the value increases downwards as one moves from near to far range. It is clear that predominant amount of energy from the target was distributed along one slant line. We next used the MFrRT to estimate the ambiguity number. Particularly, we needed to solve (16) through a search for an ambiguity number or numbers that match the true ambiguity number(s). If matched then the envelope of (14) becomes sin c(0) or a flat line. Indeed, a flat line was obtained when the searched ambiguity number was one (Fig. 5b) . Also, an obvious peak at the ambiguity number of one was noticed when a search for the number at 21, 0, 1, 2 or 3 was done (Fig. 5c ).
Conclusion
The unknown azimuth velocity of a moving target makes it difficult to determine the target's ambiguity using RRT, because the RRT value was insensitive to the slope of the quadratic curve of the RCM. Since the quadratic RCM or QRCM is typically unknown, one could not remove it using system parameters. In this paper, we confirmed that the RRT was not sensitive to the slope of the QRCM and the RRT was adversely influenced by noise or at low-SNR condition. The SOKT was proposed to remove the QRCM, and it was able to accumulate the entire energy on a slant line. After the accumulation, the SNR increased equivalently. Then, the MFrRT was introduced and used to estimate the ambiguity number. With the combination of the SOKT and MFrRT (SOKT -MFrRT), we have improved the SNR and provided a robust estimation of the ambiguity number by exploiting both the amplitude and phase information of a retuned signal. Promising results were obtained in the Monte Carlo simulation and analysis of an acquired SAR image.
